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Uniformly bounded components of normality
Xiaoling WANG∗† and Wang ZHOU‡§
Abstract
Suppose that f(z) is a transcendental entire function and that the Fatou set F (f) 6= ∅. Set
B1(f) := sup
U
supz∈U log(|z| + 3)
infw∈U log(|w|+ 3)
and
B2(f) := sup
U
supz∈U log log(|z|+ 30)
infw∈U log(|w| + 3)
,
where the supremum supU is taken over all components of F (f). If B1(f) < ∞ or B2(f) < ∞, then
we say F (f) is strongly uniformly bounded or uniformly bounded respectively. In this article, we will
show that, under some conditions, F (f) is (strongly) uniformly bounded.
Keywords: Bounded Fatou components, (multiply) connected component, (strongly) uniformly
bounded
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1 Introduction
Let f(z) be a transcendental entire function, and denote by fn, n ∈ N, the nth iterate of f . The set
of normality, which is the so called Fatou set F (f), is defined to be the set of points, z ∈ C, such that
the sequence {fn} is normal in some neighborhood of z. The Fatou set F (f) has good topological
and analytical properties. For example, F (f) is open, and may contain 0, 1 or ∞ Fatou components.
If F (f) contains only one Fatou component D, then D is invariant under f and D is unbounded.
Another well-known set related to f is the Julia set, J = J(f) = C − F (f). J(f) is a nonempty
perfect set which coincides with C, or is nowhere dense in C. For the basic results in the dynamical
theory of transcendental functions, we refer the reader to the books [12, 16] and the survey paper
[8], and the papers of Fatou [10] and Julia [14] for more about the iteration theory of transcendental
entire functions.
Throughout the paper, we shall use the following standard notation:
M(r, f) = max{|f(z)| : |z| = r},
m(r, f) = min{|f(z)| : |z| = r},
λ = λ(f) = lim sup
r→∞
log logM(r, f)
log r
,
ρ = ρ(f) = lim inf
r→∞
log logM(r, f)
log r
.
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We call these maximum modulus, minimum modulus, order of f and lower order of f , respectively.
If E ⊂ [1,∞), the upper logarithmic density of the set E is defined by
log densE = lim sup
R→∞
1
logR
∫
E∩(1,R)
dt
t
.
Let f(z) be a transcendental entire function, then f(z) has the following form f(z) =
∑∞
j=0 ajz
j . We
say that f(z) has Fabry gaps if
f(z) =
∞∑
k=0
akz
jk and
jk
k
→∞
as k →∞.
Definition 1. Let f(z) be a transcendental entire function. If f satisfies the following condition:
there exist two positive constants ε1 and ε2 with 0 < ε1, ε2 < 1 such that
log densE(f) ≤ ε1 (1)
where
E(f) = {r > 1 : logm(r, f) ≤ ε2 logM(r, f)}, (2)
then we call f ∈ ∆.
∆ contains many classes of transcendental entire functions of any order; see examples 1, 2, 3 and
4 of the next section.
In the complex dynamical system theory, it is interesting to investigate the boudedness of all
Fatou components of a function f . There is a vast extensive literature on the boundedness of Fatou
components, for example see [1, 4, 12, 17, 18, 19, 20, 21, 26] for the Fatou sets of transcendental
entire functions, [22, 23, 24, 26] for the case of transcendental meromorphic functions. In the above
mentioned papers, the authors only considered whether or not all Fatou components of an entire or
meromorphic transcendental function are bounded. We could say that those results are coarse in some
sense, and can’t describe the properties of Julia sets and Fatou sets perfectly. In this paper we will
show that all Fatou components of a class of transcendental entire functions are not only bounded,
but also proportioned normally, that is, all Fatou components have almost the same “size”. As far as
we know this is the first time to develop this property for transcendental entire functions.
Let f(z) be a transcendental entire function. Throughout the rest of the paper, we assume that
F (f) 6= ∅, and then F (f) consists of one or countably many Fatou components. If F (f) contains only
one component U , then U must be unbounded and completely invariant under f . Furthermore, we
need the following definition.
Definition 2. Suppose that f(z) is a transcendental entire function. Set
B0(f) := sup
U
supz∈U(|z| + 1)
infw∈U(|w| + 1)
,
B1(f) := sup
U
supz∈U log(|z| + 3)
infw∈U log(|w|+ 3)
and
B2(f) := sup
U
supz∈U log log(|z|+ 30)
infw∈U log(|w| + 3)
,
where the supremum supU is taken over all components of F (f).
If B1(f) < ∞ or B2(f) < ∞, then we say the Fatou set F (f) is strongly uniformly bounded or
uniformly bounded respectively.
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Remark 1: In the above definition, the numbers 3 and 30 are chosen in order to make log log and
log larger than 1, They can be replaced by any other numbers greater than e and ee respectively.
For any transcendental entire function f(z), if F (f) = ∅, then we put B1(f) = B2(f) = 1, otherwise
1 < B1(f), B2(f) ≤ ∞. Also it is easy to see the following facts:
1. B1(f) = B2(f) =∞ if F (f) contains unbounded components;
2. all components of F (f) are bounded if F (f) is (strongly) uniformly bounded.
Remark 2: Strongly uniform boundedness implies uniform boundedness. But the converse is not
true; see example 4 of section 2 below.
The paper is organized as follows. In Section 2 we present some examples of transcendental entire
functions of any order that belong to ∆. In Section 3, we prove that the Fatou sets are uniformly
bounded for functions whose Fatou sets F (f) contain at least two different obits of multiply connected
components or λ(f2) < ∞. In Section 4, we show that the same result holds for functions f ∈ ∆
satisfying
1. there exist positive constants M0, C1 > 1, C2 > 1 such that
[M0,∞) ⊂ {r > 0 : logM(C1r, f) ≥ C2 logM(r, f)}.
2. or there exist positive constants M1, D1 > 1 and D2 > 1 with D1 > D
2
2 such that
[M1,∞) ⊂ {r > 0 : logM(D1r, f) < D2 logM(r, f)}.
3. or 0 < ρ(f) ≤ λ(f) <∞.
2 Examples
Example 1: ([11]) Let f be an entire function of finite order with Fabry gaps. Then for any 0 < ε < 1,
we have
logm(r, f) > (1− ε) logM(r, f)
holds for all r outside a set of logarithmic density zero. Therefore, the functions of this class belong
to ∆.
Example 2: ( [7]) Let f be a transcendental entire function of order λ(f) < 1/2, and suppose that
λ(f) < a < 1/2. Then if
E = {r > 0 : logm(r, f) ≤ cos(pia) logM(r, f)}
we have log densE ≤ λ(f)/a, and so f ∈ ∆.
Example 3: Let f be a transcendental entire function of order λ(f) < a < 1/2, n(> 0) ∈ N be an
integer, and let fn(z) = f(z
n). If
En = {r > 0 : logm(r, fn) ≤ cos(pia) logM(r, fn)}.
Then log densEn ≤ λ(f)/a, and so f ∈ ∆.
Note that: λ(fn) = nλ(f) and ρ(fn) = nρ(f).
Proof: It is easy to note that, for all r > 0
m(r, fn) = m(r
n, f) and M(r, fn) =M(r
n, f). (3)
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Set
E = {r > 0 : logm(r, f) ≤ cos(pia) logM(r, f)}
Then
rn ∈ E if and only if r ∈ En.
Now by combining the above Example 2 and (3), we have
log densEn = lim sup
r→∞
1
log r
∫
En∩[1,r]
ds
s
(let t = sn)
= lim sup
r→∞
1
n log r
∫
E∩[1,rn]
dt
t
= log densE
≤
λ(f)
a
.
♠
Example 4: Let kn(n ∈ N) denote any increasing sequence of positive integers, r1 > 2 and C > 0
such that 0 < C < (4e2)−1. Suppose that n0 is a positive integer so that 2
n0−1C > 2rk11 . The sequence
of positive numbers {rn}
∞
n=1 is given inductively by the equation:
rn+1 = C
(
1 +
(
rn
r1
)k1)(
1 +
(
rn
r2
)k2)
· · ·
(
1 +
(
rn
rn
)kn)
. (4)
Set
f(z) = C
∞∏
n=1
(
1 +
(
z
rn
)kn)
.
This function has the following properties (see [6] and [12]):
1. F (f) contains multiply connected wandering domains and thus every component of F (f) is
bounded;
2. for sufficiently large n, set An = {z : r
2
n ≤ |z| ≤ r
1/2
n+1}. Then f(An) ⊂ An+1;
3. for a given nonnegative number λ(0 ≤ λ ≤ ∞), λ(f) = λ if we take kn = [r
λ
n], where [a] denotes
the largest integer that is less than or equal to a. It can be verified that
logM(r, f) = O(rλ) and log f(2rn) > [r
λ
n] log 2.
Claim 1: If 0 < λ <∞, then F (f) is uniformly bounded.
Proof of Claim 1: Let Un be the multiply connected Fatou components of F (f) such that
An ⊂ Un, Q1 = {z : |z| < r
1/2
1 }, and Qn = {z : r
1/2
n < |z| < r2n+1} for n ≥ 2. It is easy to check
that there exists n0 ∈ N so that rn+1 > 2rn for n ≥ n0. Without loss of generality, we may assume
that rn+1 > 2rn for all n ≥ 1. We note that the number of zeros of f(z) in |z| ≤ t (rn ≤ t < rn+1)
is n(t) := k1 + k2 + · · · + kn, and there exists a positive constant C(λ) so that n(t) ≤ C(λ)r
λ
n for
sufficiently large n (see [12]). Also we see from (4) that
rn+1 ≤ Cr
k1+k2+···+kn−1
n and rn ≤ Cr
k1+k2+···+kn−2
n−1 .
Then
rn+1 ≤ C
k1+k2+···+kn−1+1r
(k1+k2+···+kn−1)2
n−1 .
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Thus
log log rn+1
log rn−1
< 2λ+ 1
for sufficiently large n.
Now let U be any Fatou component of F (f). Then two cases should be considered.
Case 1: U = Un for some n ≥ 1.
In this case, it is easy to check that
U = Un ⊂ {z ∈ C : r
1/2
n−1 ≤ |z| ≤ r
2
n+1}.
Thus
supz∈Un log log(|z| + 30)
infw∈Un log(|w| + 3)
≤
log log(r2n+1 + 30)
log(r
1/2
n−1 + 3)
≤
6 log log rn+1
log rn−1
≤ 6(2λ+ 1).
Case 2: U ⊂ Qn for some n ≥ 1.
In this case, from the above argument, we also get that
supz∈U log log(|z|+ 30)
infw∈U log(|w| + 3)
≤ 6(2λ+ 1).
Therefore, Claim 1 is proved.
Claim 2: F (f) is uniformly bounded but not strongly uniformly bounded.
Proof of Claim 2: It can be shown that for any m > 1, there exists a positive integer nm such
that, for n > nm, rn+1 > r
m
n . Then
supz∈Un log(|z| + 3)
infw∈Un log(|w|+ 3)
≥
log(r
1/2
n+1 + 3)
log(r2n + 3)
≥
1
5
log rn+1
log rn
≥
m
5
.
Therefore
sup
U
supz∈U log(|z|+ 3)
infw∈U log(|w| + 3)
=∞.
Claim 2 also is proved.
Claim 3: If all kn are odd then f(z) ∈ ∆.
Proof of Claim 3: For any given r > 0, it is clear that m(r, f) = |f(−r)| and M(r, f) = f(r).
Set En = (4rn, rn+1/4) and Gn = (rn/4, 4rn) for sufficiently large n ≥ 1. Using a similar method as
in the book [12], we can also prove that there exists an integer N ∈ N such that
M(r, f) = f(r) < 4|f(−r)| = 4m(r, f)
for any n ≥ N and for any r ∈ En. Choose a given number 0 < ε < 1. Set
G(f) = {r > 0 : logm(r, f) < (1− ε) logM(r, f)}.
Then, from the above arguments, we have
G(f) ⊂
∞⋃
n=N
Gn.
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Finally we need to show log densG(f) < 1. It is easy to see that, for n sufficiently large, 4rn > 16
2n.
Hence
log densG(f) = lim sup
r→∞
1
log r
∫
G(f)∩(1,r)
dt
t
≤ lim sup
n→∞
1
log 4rn
∫
G(f)∩(1,4rn)
dt
t
≤ lim sup
n→∞
1
log(4rn)
n∑
i=1
∫ 4ri
ri/4
dt
t
= lim sup
n→∞
(
n log 16
log 4rn
)
≤ 1/2.
The above second inequality holds because G(f) is open and G(f)
⋂
(4rn, rn+1/4) = ∅. ♠
3 The Case of f with Multiply Connected Components
First we recall some definitions. A set X of Fatou components of F (f) is called an orbit if for any
two components U1, U2 ∈ X , there exist two positive integers m and n so that f
m(U1) = f
n(U2).
For each domain D, we will use #(D) to denote the connectivity of D. Next, we list some dynamical
properties of transcendental entire functions with multiply connected components, and others can
be found in the above mentioned books. It was I.N. Baker who proved the existence of multiply
connected wandering domains for transcendental entire functions, see [2, 3, 5, 6].
Theorem A: ([4] or [12], Theorem 4.1, Page 58) Let f be a transcendental entire function and D a
multiply connected component of F (f). Then
1. All the Fatou components of f are bounded.
2. fm(z)→∞ uniformly on compact subsets of D.
3. For every Jordan curve γ which is non-contractible in D, index (fn(γ)) 6= 0 for all sufficiently
large n.
4. D must be wandering.
Recently, in [15], Kisaka and Shishikura proved the following results.
Theorem B:
1. If D is a multiply connected component of ∞-connectivity, then #fn(D) =∞ for all n ≥ 1.
2. If ∞ > #D ≥ 2, then there exists an integer n0 ∈ N such that #f
m(D) = 2 for all m ≥ n0.
3. For every n ∈ N with n ≥ 2 there exist a transcendental entire function f with a wandering
domain D with #D = n and #fm(D) = 2 for every m ≥ 1.
4. There exists a transcendental entire function with infinitely many grand orbits of doubly con-
nected wandering domains. That is, there exist doubly connected wandering domains Di (i ∈ N)
such that if i 6= j, then fm(Di) ∩ f
n(Dj) = ∅ for any m, n ∈ N. Furthermore, this f can be
constructed so that the Lebesgue measure of the Julia set J(f) is positive.
Now we state our first result.
Theorem 1: Let f(z) be a transcendental entire function with F (f) containing multiply connected
components.
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1. If λ(f2) <∞, then F (f) is uniformly bounded.
2. Suppose that F (f) contains at least two different obits X and Y which consist of only multiply
connected components, suppose further that λ(f) <∞. Then F (f) is uniformly bounded.
3. B0(f) =∞.
3.1 Proof of the Theorem 1
Since F (f) has multiply connected components, we may assume that U is a multiply connected
component of F (f). Let Un(n ≥ 0) be the Fatou components so that f
n(U) ⊂ Un and U0 = U . There
exists a simple closed curve γ in U which is not null-homotopic in U . Define γn = f
n(γ). Since U
is multiply connected, fn|U → ∞ as n → ∞. By a theorem of Baker ([4] or [12]), 0 ∈ int(γn) for
sufficiently large n. And by Lemma 7 of Bergweiler [8], there exist a constant K > 1 and a positive
integer n0 such that |f
n(z1)| ≤ |f
n(z2)|
K for all z1, z2 ∈ γ and n ≥ n0. Let rn = min{|f
n(z)| : z ∈ γ}.
Then γn ⊂ ann(rn, r
K
n ) for n ≥ n0, where ann(r,R) denotes the annulus around 0 with radii r and
R.
Note also that the sequence {rn} satisfies limn→∞ rn =∞ and
min
z∈γn
|f(z)| = rn+1 ≥ (max
z∈γn
|f(z)|)1/K ≥M(rn, f)
1/K (5)
for n ≥ n0.
Case 1: If λ(f2) <∞, we show that F (f) is uniformly bounded.
It is easy to see that
Un ⊂ {z ∈ C : rn−1 ≤ |z| ≤ r
K
n+1} (6)
and that we can assume Un is doubly connected for n ≥ n0 by Theorem B. Now let Γn be the outer
boundary of Un for n ≥ n0. Then we know that in order to prove this case, we only need to consider
the components E that lie outside of Γn0 , and such components can be separated into the following
two classes:
Class 1: E = Un for some n > n0;
Class 2: E lies between the outer boundaries of Un and Un+1 for some n ≥ n0;
Claim 1: There exists a positive number D5 so that
sup
n≥n0
supz∈Un log log(|z|+ 30)
infw∈Un log(|w| + 3)
< D5.
Proof of Claim 1: It’s easy to check that, for n ≥ n0,
rn+1 = min
z∈γ
|fn+1(z)| = min
z∈γn−1
|f2(z)| ≤M(rKn−1, f
2).
Combining this, λ(f2) <∞ and (6), we get
supz∈Un log log(|z|+ 30)
infw∈Un log(|w|+ 3)
≤
log log(rKn+1 + 30)
log(rn−1 + 3)
≤ K
log log rn+1
log rn−1
≤ K2
log logM(rKn−1, f
2)
log rKn−1
≤ K2(λ(f2) + 1)
< ∞
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for sufficiently large n. Now Claim 1 follows.
Claim 2: There exists a positive number D6 so that
sup
E
supz∈E log log(|z|+ 30)
infw∈E log(|w|+ 3)
≤ D6,
where supE is taken over all components in Class 2.
Proof of Claim 2: Let E be such a component so that E lies between the outer boundaries of
Un and Un+1 for some n ≥ n0. Then it is easy to check that
rn ≤ |z| ≤ r
K
n+1 for z ∈ E
and that
rn+1 = min
z∈γ
|fn+1(z)| = min
z∈γn
|f(z)| ≤M(rKn , f). (7)
Hence
supz∈E log log(|z|+ 30)
infw∈E log(|w| + 3)
≤
log log(rKn+1 + 30)
log(rn + 3)
≤ K
log log rn+1
log rn
≤ K2
log logM(rKn , f)
log rKn
≤ K2(λ(f) + 1)
for sufficiently large n. Now Claim 2 and furthermore Case 1 follow.
Case 2: Suppose that X and Y are two different orbits of multiply connected Fatou components of
F (f). We show that F (f) is uniformly bounded.
Without loss of generality, we may assume that Un(n ≥ 0) ∈ X and that U
′
n(n ≥ 0) ∈ Y is
another sequence of multiply connected components with fn(U ′0) ⊂ U
′
n. We also assume that γ
′,
γ′n = f
n(γ′)(n ≥ 1) and r′n(n ≥ 1) are defined in the same way as γ, γn = f
n(γ)(n ≥ 1) and
rn(n ≥ 1), respectively.
Now, fix a sufficiently large n0 ∈ N. Then all the Fatou components of F (f) can be put in the
following three classes:
A = {U ⊂ F (f) : U ⊂ int(γn0)};
B = {U ⊂ F (f) : U = Un for some n ≥ n0};
C = {U ⊂ F (f) : U ⊂ int(γn) and U ⊂ out(γn−1) for some n > n0}.
Subcase 1: It is trivial to see that there exists a positive constant C3 so that
supz∈U log log(|z|+ 30)
infw∈U log(|w| + 3)
≤ C3
for any U ∈ A.
Subcase 2: For any given Un ∈ B, it follows from the fact, X and Y are different great orbits,
that there exists some m ∈ N so that
Un ⊂ (r
′
m, r
′K
m+1).
Clearly, m→∞ as n→∞. Since
r′m+1 = min
z∈γ′
|fm+1(z)| = min
z∈γ′m
|f(z)| ≤M(r′m, f),
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we have for large n
supz∈Un log log(|z|+ 30)
infw∈Un log(|w| + 3)
≤
log log(r′Km+1 + 30)
log(r′m + 3)
≤ K2 ·
log logM(r′Km , f)
log r′Km
≤ K2(λ(f) + 1)
< ∞.
Subcase 3: For any Un ∈ C, similarly, for large n, we have by (7) that
supz∈Un log log(|z| + 30)
infw∈Un log(|w| + 3)
≤
log log(rKn + 30)
log(rn−1 + 3)
≤ K2 ·
log logM(rKn−1, f)
log rKn−1
≤ K2(λ(f) + 1)
< ∞.
Case 2 follows.
Case 3: Let U be a multiply connected Fatou component of F (f). In [27], Zheng proved that if
n ∈ N is sufficiently large then there exists a round annulus Dn = {rn < |z| < Rn} ⊂ f
n(U) such that
dist(0;Dn)→∞ and mod (Dn)→∞ as n→∞. Therefore
sup
D
supz∈D(|z|+ 1)
infw∈D(|w| + 1)
=∞,
where the supremum is taken over all Fatou components of F (f). Thus Case 3 follows and therefore
the proof of Theorem 1 is complete. ♠
4 The Case of f ∈ ∆
Theorem 2: Suppose that f(z) ∈ ∆ is a transcendental entire function and that there exist positive
constants M0, C1 > 1, C2 > 1 such that
[M0,∞) ⊂ {r > 0 : logM(C1r, f) ≥ C2 logM(r, f)}, (8)
then F (f) is strongly uniformly bounded.
Theorem 3: Suppose that f(z) is a transcendental entire function with λ(f) < 1/2. If there exist
positive constants M1, D1 > 1 and D2 > 1 with D1 > D
2
2 such that
[M1,∞) ⊂ {r > 0 : logM(D1r, f) < D2 logM(r, f)},
then F (f) is uniformly bounded.
Theorem 4: Suppose that f(z) ∈ ∆ is a transcendental entire function. If 0 < ρ(f) ≤ λ(f) < ∞,
then F (f) is uniformly bounded.
It’s natural to post the following two conjectures.
Conjecture 1: If f(z) ∈ ∆ and F (f) 6= ∅, then F (f) is uniformly bounded.
Conjecture 2: If f(z) is a transcendental entire function and F (f) 6= ∅, then B0(f) =∞.
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4.1 Proof of Theorem 2
First we recall some facts:
Fact 1 (see [27]): Let f(z) be a transcendental entire function. If there exist two constants C1 > 1
and C2 > 1 so that
logM(C1r, f) ≥ C2 logM(r, f)
for sufficiently large r, then F (f) contains no multiply connected Fatou components.
Fact 2 (see [9]): Let U be a simply connected hyperbolic domain of C, ρU (z) the density of the
hyperbolic metric on U and λ(z1, z2) the hyperbolic distance between z1 and z2 on U . Then
1
2d(z, ∂U)
≤ ρU (z) ≤
2
d(z, ∂U)
,
where d(z, ∂U) is the Euclidean distance between z ∈ U and ∂U .
Claim 1: There exist two positive numbers M1(> M0) and h > 1 so that, for all r > M1, there
exists r′ ∈ (r, rh) satisfying
m(r′, f) > M(r, f)h. (9)
Proof of Claim 1: We recall that f satisfies the following condition: there exist two positive
constants ε1 and ε2 with 0 < ε1, ε2 < 1 such that
log densE(f) ≤ ε1 (10)
where
E(f) = {r > 1 : logm(r, f) ≤ ε2 logM(r, f)}. (11)
Now we choose a positive number c with ε1 > cε1 + ε
2
1.
Claim 1.1: There exist two positive numbers D and r0 such that, for any r ≥ r0, there must be
some number s with
s ∈ (r, r(1+ε1/c)) and m(s, f) ≥M(r, f)D.
Proof of Claim 1.1: We claim that there exists a positive number r0 such that, if R ≥ r0, there
is some value rR ∈ (R,R
1+ε1/c) so that
logm(rR, f) > ε2 logM(rR, f).
Suppose this is not true. Then there exists a sequence {Rj}, Rj →∞ as j →∞ such that
(Rj , R
1+ε1/c
j ) ⊂ E(f).
Thus
log densE(f) ≥ lim sup
j→∞
1
(1 + ε1/c) logRj
∫ R1+ε1/cj
Rj
dt
t
=
ε1
ε1 + c
> ε1.
This obviously contradicts (10).
Then, for sufficiently large r, there exists s with s ∈ (r, r(1+ε1/c)) such that
logm(s, f) > ε2 logM(s, f). (12)
Now applying Hadamard’s three-circles theorem to the three circles |z| = 1, r, s, we get that
logM(s, f) ≥ logM(r, f)−
ε1
c
logM(1, f). (13)
Clearly, when r is chosen sufficiently large, we have
10
ε1
c
logM(1, f) ≤
1
2
logM(r, f). (14)
By combining (12), (13) and (14), we see that there exists a positive constant r0 such that, when
r > r0, we have
logm(s, f) ≥
ε2
2
logM(r, f).
Therefore, we have proved Claim 1.1 with D = ε2/2.
Claim 1.2: There exist two positive numbersM1(> M0) and h > 1 so that, for all r > M1, there
exists r′ ∈ (r, rh) satisfying
m(r′, f) > M(r, f)h.
Proof of Claim 1.2: From (8) one easily gets that
logM(r2, f) ≥ C
log r2−log r1
logC1
−1
2 logM(r1, f) (15)
where r2 > r1 > M0.
Now let β = 1 + ε1/c. From Claim 1.1, there exists r
′ ∈ (rβ
2
, rβ
3
) such that
m(r′, f) > M(rβ
2
, f)D.
It is easy to check that there exists a positive number r′0(> r0) such that, for any r ≥ r
′
0,
h := DC
(β2−β) log r
logC1
−1
2 > β
2(> 1).
Then by (15), if r ≥ r′0,
M(rβ
2
, f) > M(rβ, f)h/D.
The above two inequalities imply that
m(r′, f) > M(rβ, f)h
for some r′ ∈ (rβ, rβ
3
), where r > r′0. Claim 1.2 follows, and therefore Claim 1 holds.
In order to prove the Theorem, we will show that there exists a positive D so that
sup
U
supz∈U log(|z| + 3)
infw∈U log(|w|+ 3)
< D,
where the supremum is taken over all Fatou components of F (f). To do this, we need to prove the
following Claims 2 and 3.
Claim 2: There exists a positive number D1 so that
sup
U
supz∈U log(|z|+ 3)
infw∈U log(|w| + 3)
< D1,
where the supremum is taken over all simply connected components of F (f).
Proof of Claim 2: If Claim 2 does not hold, then there exists a simply connected component U
and a point z0 ∈ U so that |z0| ≥M1 and
supz∈U log(|z|+ 3)
log(|z0|+ 3)
> 2h. (16)
Suppose that Un(n ≥ 1) is a simply connected component so that f
n(U) ⊂ Un. Then Un(n ≥ 1)
is also simply connected. Now by Claim 1 and the fact that J(f) 6= ∅, we can take z0, z1 ∈ U , R
′
0 > 0,
R0 > M1 and a Jordan curve γ0 ⊂ U so that
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1. z0, z1 ∈ γ0, R
′
0 ∈ (R0, R
h
0), |z0| = R0 and |z1| = R
′
0;
2. m(R′0, f) > M(R0, f)
h;
3.
{z : |z| < R0} ∩ J(f) 6= ∅. (17)
This is possible because of (16). It follows from (17) that
M(R0, f
n)→∞ as n→∞. (18)
First, it is trivial to check that
1. |f(z1)| ≥ m(R
′
0, f) > M(R0, f)
h;
2. |f(z1)| ≥ |f(z0)|
h.
In the following we will mainly use Zheng-Wang’s idea (see [26]) to complete our argument.
Now put R1 = M(R0, f), γn = f
n(γ0) for n ≥ 1, Γ1 = {z : |z| = R1} and Γ
h
1 = {z : |z| = R
h
1}.
Then by the above argument we know that γ1 ∩ Γ1 6= ∅ and γ1 ∩ Γ
h
1 6= ∅. Thus by Claim 1 there are
a positive number R′1 and a point z2 ∈ γ0 so that
R1 < R
′
1 < R
h
1 , f(z2) ∈ {z : |z| = R
′
1}
and that
|f2(z2)| = |f(f(z2))| ≥ m(R
′
1, f) ≥M(R1, f)
h
= M(M(R0, f), f)
h ≥M(R0, f
2)h
≥ |f2(z0)|
h.
That is |f2(z2)| ≥ max{M(R0, f
2)h, |f2(z0)|
h}. Similarly, by putting R2 = M(R1, f), Γ2 = {z : |z| =
R2} and Γ
h
2 = {z : |z| = R
h
2}, we can choose a point z3 ∈ γ0 so that
|f3(z3)| ≥ max{M(R0, f
3)h, |f3(z0)|
h}.
Repeating the above process inductively, we can deduce that there is a point zn ∈ γ0 so that
|fn(zn)| ≥ max{M(R0, f
n)h, |fn(z0)|
h} for n ≥ 1. (19)
Now, for any n, pick points an ∈ ∂Un so that |an| ≤ |f
n(z0)|, and we have by Fact 2,
ρUn(z) ≥
1
2|z − an|
≥
1
2(|z| + |an|)
.
Then
ρUn(f
n(z0), f
n(zn)) ≥
∫ |fn(zn)|
|fn(z0)|
dr
2(r + |an|)
≥
1
2
log
|fn(zn)|+ |an|
|fn(z0)|+ |an|
. (20)
It is obvious that
ρUn(f
n(z0), f
n(zn)) ≤ ρU (z0, zn) ≤ λ(γ0) < +∞. (21)
Here λ(γ0) is the hyperbolic length of γ0 in U .
Combining (19), (20) and (21), we get that
2|fn(z0)|e
2λ(γ0) ≥ (|fn(z0)|+ |an|)e
2λ(γ0) ≥ |fn(zn)|+ |an| ≥ |f
n(z0)|
h. (22)
Since U is a simply connected component, by (18) and (19) we have that |fn(zn)| → ∞ as n→∞.
Thus |fn(z)| → ∞ as n → ∞ for any z ∈ U , and it means that |fn(z0)| → ∞ as n → ∞. This
contradicts to (22) with h > 1. Therefore Claim 2 follows.
Claim 3: There exist no multiply connected components in the Fatou set F (f).
Proof of Claim 3: This follows from Fact 1.
Theorem 2 now follows from Claims 2 and 3. ♠
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4.2 Proof of Theorem 3
Lemma 1. Suppose that f(z) is a transcendental entire function, and that there exist sequences {Rn},
{tn} → ∞ and {c(n)} with c(n) > 1 (n ≥ 1) and a = sup{c(n)} <∞ so that:
1. M(Rn, f) = Rn+1;
2. Rn < tn < R
c(n)
n ;
3. m(tn, f) > R
c(n+1)
n+1 for all n ≥ 1.
Then there is no Fatou component U so that
U ∩ {z : |z| = Rn} 6= ∅ and U ∩ {z : |z| = R
b
n+1} 6= ∅
for some n ≥ 1 and any b > a.
Proof of Lemma 1: Without loss of generality, we may assume that J(f) ∩ {z : |z| < R1} 6= ∅.
Then M(R1, f
n)→∞ as n→∞. Thus Rn →∞ as n→∞.
This Lemma is similar to a result of Baker, see [12] or [4]. Set
Cn = {z : |z| = Rn}, C
1
n = {z : |z| = R
c(n)
n } and C
2
n = {z : |z| = tn}
for n ≥ 1.
Assume that there exists a Fatou component U so that U ∩ C1 6= ∅ and U ∩ C
1
2 6= ∅. We need to
deduce a contradiction.
It is trivial to see that U contains a path Γ joining points w1 ∈ C1 and w
1
2 ∈ C
1
2 , and obviously
Γ contains a point w22 ∈ C
2
2 . Then |f(w1)| ≤ R2 and |f(w
2
2)| > R
c(3)
3 from the conditions of this
Lemma. Hence f(Γ) must contain an arc joining a point w2 ∈ C2 to a point w
1
3 ∈ C
1
3 . This process
can be repeated, and fk(U) contains an arc of fk(Γ) which joins a point wk+1 ∈ Ck+1 to a point
w1k+2 ∈ C
1
k+2. Thus, on Γ, the function f
k takes a value of modulus at least Rk+1 → ∞ as k → ∞.
Then we conclude that fk →∞ as k →∞ locally uniformly on U . It follows that there exists n1 ∈ N
such that, for k ≥ n1, we have |f
k(z)| > 1 for all z ∈ Γ. Now by a result of [8], there exists a positive
constant B such that |fk(w)| ≤ |fk(z)|B for all w, z ∈ Γ and for all k ≥ n1. Now for any k ≥ n1, we
pick points zk, z
1
k ∈ Γ such that f
k(zk) = wk+1 and f
k(z1k) = w
1
k+2. Thus, for each k > n1, we have
M(Rk+1, f) = Rk+2 < R
c(k+2)
k+2 = |f
k(z1k)| < |f
k(zk)|
B = RBk+1.
This contradicts the fact that f is a transcendental entire function. ♠
Proof of Theorem 3: Since f(z) satisfies the conditions of the theorem, by a result of Hua and
Yang (see [13], Lemma 2), for any given sufficiently large R1 (> minz∈J(f) |z|) there exists a sequence
{tn} so that, for n ≥ 1,
M(Rn, f) = Rn+1; (23)
Rn < R
2+ 2
2n+1
n < tn < R
2+ 1
n
n ; (24)
logm(tn, f) >
(
1−
2
(2n+ 1)3
)
logM(R
2+ 2
2n+1
n , f). (25)
Now applying Hadamard’s three-circles theorem to |z| = 1, Rn and R
2+ 2
2n+1
n , we get
logM(Rnf) ≤ logM(1, f) +
1
2 + 22n+1
logM(R
2+ 2
2n+1
n , f).
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This implies the following,[
1−
1
(2n + 1)3
]
logM(R
2+ 2
2n+1
n , f)
>
[
2 +
1
n+ 1
]
logM(Rn, f)
+
[(
2 +
2
2n+ 1
)(
1−
1
(2n + 1)3
)
−
(
2 +
1
n+ 1
)]
logM(Rn, f)
−
(
2 +
2
2n+ 1
)(
1−
1
(2n + 1)3
)
logM(1, f)
=
[
2 +
1
n+ 1
]
logM(Rn, f) +
8n3 + 8n2 − 2n− 3
(2n + 1)4(n+ 1)
logM(Rn, f)
−
(
2 +
2
2n+ 1
)(
1−
1
(2n + 1)3
)
logM(1, f). (26)
Since f is transcendental, we may suppose that, for all n ≥ 1,
8n3 + 8n2 − 2n − 3
(2n+ 1)4(n + 1)
logM(Rn, f) >
(
2 +
2
2n+ 1
)(
1−
1
(2n+ 1)3
)
logM(1, f). (27)
It’s easy to see that (25), (26) and (27) give the following result,
m(tn, f) > R
2+ 1
n+1
n+1 . (28)
We fix R1, and set
△1 = {z ∈ C : |z| ≤ R
3
2} and △2 = {z ∈ C : |z| ≥ R1}.
Then all the Fatou components can be put into the following three classes (there could be a component
in both of the first two classes):
A = {U ⊂ F (f) : U ⊂ △1},
B = {U ⊂ F (f) : U ⊂ △2},
C = {U ⊂ F (f) : U ∩ ∂(△1) 6= ∅ and U ∩ ∂(△2) 6= ∅}.
By Lemma 1 and the above arguments, we easily see that C = ∅. To prove that F (f) is uniformly
bounded, we only need to consider the Fatou component in B.
Let U ′ be any Fatou component of F (f). If U ′ ∩ {w : |w| = M(|z|, f)} = ∅ for any z ∈ U ′, then
we put Θ2(U
′) = 1. Otherwise, set
Θ2(U
′) = sup{t ≥ 1 : U ′ ∩ {w : |w| =M(|z|, f)t, where z ∈ U ′} 6= ∅}.
Set
Θ2 = sup
U ′∈B
Θ2(U
′).
In the following, we show that Θ2 ≤ 3. Suppose on the contrary that there exists U0 ∈ B such
that Θ2(U0) > 3. Then we can choose a point z1 ∈ U0 so that
U0 ∩ {z : |z| = T
3
2 } 6= ∅
where T2 =M(T1, f) and T1 = |z1|.
By (23), (24) and (28), from this T1, we can get two sequences {Tn} and {tn} such that
14
1. M(Tn, f) = Tn+1;
2. Tn < tn < T
2+ 1
n
n ;
3. m(tn, f) > T
2+ 1
n+1
n+1
for n ≥ 1. This obviously contradicts Lemma 1. So Θ2(U0) ≤ 3. Thus
sup
U ′∈B
supw∈U ′ log log(|w| + 30)
infz∈U ′ log(|z|+ 3)
≤ 2λ(f) <∞.
It’s easy to see that there exists a number M > 0 so that
sup
U⊂F (f)
supw∈U log log(|w|+ 30)
infz∈U log(|z|+ 3)
≤M.
Theorem 3 follows. ♠
4.3 Proof of Theorem 4
Claim 1: There exist two positive numbers D and r0 such that, for any r ≥ r0, there must be some
number s with
s ∈ (r, rD) and m(s, f) ≥M(r, f)D.
Proof of Claim 1: This follows from the Claim 1 of Theorem 2.
Claim 2: Now take two positive constants A and B with A > λ(f)/ρ(f) and B > 1. For any
sufficiently large R1, there exist a sequence {Rn}, Rn →∞ as n→∞ such that
M(RAn , f) > M(Rn, f)
B (29)
for sufficiently large n.
Proof of Claim 2: Choose any R > minz∈J(f) |z|. Since J(f) 6= ∅ for any transcendental entire
function f , we have 0 < R < ∞. Since J(f) ∩ {z : |z| < R} 6= ∅, fn({z : |z| < R}) must contain any
given compact set of C for sufficiently large n as long as the compact set doesn’t meet an exceptional
point. So if we set R1 =M(R, f), Rn+1 =M(Rn, f)(n = 1, 2, 3, · · · .), then Rn →∞ as n→∞. We
claim that this sequence is what we want.
Suppose on the contrary that (29) does not hold. Then there must be a subsequence {Rnj} ⊂ {Rn}
such that
M(RAnj , f) ≤M(Rnj , f)
B
for all j ≥ 1. Then
A ·
log logM(RAnj , f)
logRAnj
≤
logB + log logM(Rnj , f)
logRnj
.
Thus
Aρ(f) ≤ λ(f),
which contradicts the choice of A.
Claim 3: F (f) is uniformly bounded.
Proof of Claim 3: Take any sufficiently large R(> minz∈J(f) |z|). Now choose a sequence {Rn}:
R1 =M(R, f), Rn+1 =M(Rn, f), n = 1, 2, 3, · · · , Rn →∞ as n→∞. (30)
Put L = D, and modify A and B so that A > λ(f)ρ(f) and DB > AL > 1. By Claim 1, for sufficiently
large n, there exists tn such that
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RAn ≤ tn ≤ R
AL
n and m(tn, f) > M(R
A
n , f)
D. (31)
From Claim 2 we see that when n is sufficiently large
M(RAn , f) > M(Rn, f)
B .
This and (31) yield that there exists a positive integer n0 such that, for n ≥ n0,
m(tn, f) > M(Rn, f)
DB ≥ RALn+1. (32)
By combining (31), (32), Lemma 1 and the proof of theorem 3, we have proved Theorem 4. ♠
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